SOME GLIMPSES OF ANCIENT HINDU

By A. A. KRISHNASWAMY Awmmn. d

In anc1ent Indxa, Mathematics was ﬁrst developed as a Vedanga or
a llmb of the Vedas, an art subserving a religious’ purpose such as the
constructlon of sacrificial altars. With rare intuitive ability the early
Hmdus grasped quickly the fundamentals of the subject and embodied
them in short verses, To them, the world owes some of the basic ideas
in mathematics—the place-value system of notation in Arithmetic, the
generahza.tlons of Algebra, the sine-function in Trigonometry, and the
foundations of Indeterminate Analysis, India may claim to be the
blrth-place of Algebra and Arithmetic.

-Toa casual student of ancient Hindu Mathematxcs. the presentation
. may appear. fragmentary and incoherent. -The early texts contain

merely rules, results and, sometimes, a number of problems but rarely a
fully worked out mathematical argument.  The Indian tradition wasto
make the text as brief as possible, so that the whole might be easily learned

by heart thus enabling the ancient scholars to escape from the slavery
of books.

The ma.themat1ca1 works of the early Hmdus have a remarkable
parallel in Ramanujan’s note-books and methods of work. Dr.
G. N. Watson remarks that his (Ramanujan’s) procedure in his note-
books is in accordance with the traditional custom, for the early Hmdus
were not in the hablt of preserving their proofs, though they doubtless,
reasoned out most or all of their discoveries. The followmg words of
Dr. Littlewood,t about Ramannjan apply equally to the ancxent
Hindu mathematicians: ‘ Ramanujan’s intuition worked in analognes
sometimes very remote, and to an astonishing- extent by empirical
induction from particular numerical cases. He was not interested "in
ngour which, for that matter, is of secondary impertance in analysis and
can be supplied, given the real idea, by any competent professmnal The

® Lecture delivered on 5.2-1931 on ‘ Ramanujin's Note-books ' : reprinted
in the Journal of the London Mathematical Saciety, Vol. VI, p. 2

T Review of the Collected Pabers of Svrinivasa Ramanuian by TittlewanA
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by an emgmatlcal brev:ty, strange archa.lsms and total : %

o doctnne of a cycle or Yuga. of five years beginning thh the .wmter
so]sbceand the new«-moon of Magha. According to.this text,a year,gon- :
i tams366 days, anda Yuga contams 61 Sayana months, 66 lunar months,k
lengths of day. and ‘night for any nycthemeron. The lengths of the
Qlongest and. shortest days,- according to the Jyotisha, ‘are 18 and 12,
- muhurtas respet:tively, a nycthemeron comprising 30 ‘mtihurtas. ' Thé -
.~ Jyotisha mentions the positions of the moon’at’ different parts of the
- year a.nd the tlme of day when a parvan (or a semi- hmar month) is
~ finished, ‘It is not “known what additional information the umntelliglble
ﬁmhon of ‘the 'work ‘may contain. Anyhow it is evident from the
il’mu:ﬂ;t*:lllgxble calculations given therein that the early Hindus were welf-'r
a.cqumnted 'Wlth anthmetncal ma.mpulatlons, mcludmg fractlons.

P
‘?'f ol Hmdu Contnbut:ous fo Arzthmet;o._ " .y
The next ea.rhest ma.themattcal document of the Hmdus is probably
the Snlva-sutra= (not later than 200 A.D.) or the rules of measurement .
by cords, whxch deal wnth the construction of sacrificial altars, . This
wnfknaturally remlnds one of the Harpedonapta or the rope stretchers
of Egypt. ‘As it ‘has a purely religious purpose in view, it gives bare
directions for the construction of .squares, - -rectangles, triangles.-and
pamllelograms _thh given specifications. Among other_ thmgs it

contams g SR
(D The first arithmetical solut:on of the mdetermmate equatlon

2+3,;3=':'. mtheform | -
— -~ g -4 B Lﬂ_*_ ‘3 2
o (m) ("“_..é_"_]=(’i_2_._’__) S

"Uber ‘den Vedakaleadar, ‘namens: Jyotisham'- by A, ‘Weber in the
Tmsactsm of the Royal Academy of Sciences, Berlin, 1688Qy ©'- AU
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-According to G, R. Kaye,* this id;plies @& knoﬁledgé'of the process of
converting a fraction into partie.l fractions with unit numerators, a
kﬁdi‘vledge most certainly not possessed by the composers of the Sulira-
sutrasi We shall see presently how the pr&rmse is Wrong ‘and the

.concluswn is irrelevant.

.....

In~the year 1881 A.D,, a work on Arithmetic was dlscovered by a
peasant near a village called Bakshali in" the' North-West FrOntler of
India. It contamsa second. approxnmatlon to the square-roothgn the form
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A y - 2a 1
S alah - ot _"._.
Vet b e o — 2(a+/26)*
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Inmdggtally we ‘may noté that this rule also ﬁnds a place m an Arab
_work of the 12th century.! The result is easily deduced by applymg,
'tWIce. he usual rule for the’ first approxlmatlon or the usual square-root
rule found in all the Indlan Arithmetical works at least. from Aryabhata
onwatds a rule which is independent of the kind of notatlon used
pOaltloual or non-posxt:onal Brahmagupta gwes an apphcatlon of the
, square-root rule to a non-positional case.§ Itis not improbable therefore

that the Sulva-sutra approxxmatlons were also obtamed by using the
-"_:': Lol .

. Indum Matkemattcs. by G. R. Kaye, p, 7.

t The Bakshali manuscript, by G, R. Kaye; Archcelogwa& Survey of India,
New Imperial Series, Vol. XLII, Pts, I and'IL,- = : = .

r & 38 254 {oot-note in Sxmth's History of Mathematscs. Vol II )
e ! .

e iYerses 64. 66 p. 213 Brahmas;ddkanm of Brahmagupta. edited by
Sudhakara Dvlvedl. Benares, 1902,
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AS.Anthnieucwasthe forte’ of the Hindus, all geometrlcal problems'
:m first’ p.nalwed as problems in. Arithmetic and then expressed in
' _geon;etgcgl lapsuagg, . Many, geometnca.l theorems such as Brahma-
Eu;ms wb’ffknown formula for the area of a cychc quadnlateral were
'apparenﬂg dISCOVered anthmetlcally. Indeed what is now known as
the IP‘ythagorean theorem was. recogmsé’ﬂ by the ‘early Hindus as a
;mdj;erly* %I two square numbers (say a?, b*) being together equal to a
third ggua.ge (o’) and when' cords of those lengths (a; b, c) “weré DUf

TN E

mgether (a,cmdeqtally or otherwr.se) to form a qua,dnlateral with a

[y a3 ) 4

e t.u‘ é&;ual to i;"and ad]acent sxdes a, b, a rectangle was the result
Eli’ﬁ Khis the ex:stence ‘of a right: angle. Thus a sort of arith-

.)i

metfcaliinttﬁtldh‘ ‘was at ‘the” back of a g’eometrncai dlscovery The
phraéeblbgy”fo’f fhe Sulvassutras betrays this: 2l g

s el o 3
ZI‘he ﬂ:agonal of a rectangle produces a squa.re equal to the sum of _

'-.';L Ay

' the\%quares preduced by the longer,and the shorter sxdes respectxvely.

%) "The’ praof of this theorem, as noted by Bhéskira (160" A.D.) is
ha.sed on the ‘property of similar triangles assumed as an axmm.f

I

. Several such sets of squaresare given in the Sulva-sutras ;

A R AV 31+ 4’, _-z..s’ y " 53 + 123 = 132 L '
ke 79 4248 =258% - | . ,..8%4158 =178 13
5 12% 4 162 =20%; 129 4352 = 372.. , ;v °

4 For an exposition of Bhaskara’s proo[. vide p 499 ‘New Geomeirp'
.‘.b;rthegresantmlter.- Tt P
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“’Takmg a leap ove thpentgnes ;ﬁ:eig the iperiod of the Sulva*'_‘-

-":fsutras, we come to, tbéZﬂge of Atgabhata,'Varahamlh;ra, Brahmazupta."

Vg e f.....»

?“d the- un‘knof;m a.uthor of the Suryasxdahanm (400 650 A, D-)
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| -r £5 ,Aecordmg ‘to Th:baut,’*Aryabhata '4é tlnaoeeuhtablyi placed by
'-traaltlon at the ‘head of the Indian mathzmatmdns.' To my mind he

appears to be ' the last of ‘the earlier school. ‘His' style‘ lsremmxscent ‘of
the Sutra-period. It is cdndehsed to* the-pbint of umntelhglbthty, and
coldly -business-like. - ‘But the 1mportance of the wark lies id the fact

" that it appears to be:the first to give a form- and an mdmduahty to the
~ scattered ‘bits of mathematical knowledge that: ex:sted before his ‘time.

The role of the Aryabhatiyasm if gwmg a’definite bias to Trdian mathe-
matics has its historical parallel in two ‘other 'great ancient mathe-
matical composxtlons-—the Elermmts of Euclid and the Anthmetzca of

| o e eyt ‘g, {'.I.r‘i".l" repy hoEr

DlOphantus P (SRR TR i &
: Aryabhata S work attracted much attentlon even outsade Ind:a.
‘His treatise on A!gebra was translated mto ’Latm by G. de.Lums, an
Itahan mathematncxan of the- l3th century. aud there is a manuscnpt
copy of the trans!a.tlon in the B!bllotheque Na.tlonale de’ E lorence.’lL
In 1874, Dr. Kern brought out the first edltion of the text of the Arya- ,
bhatiyam with the long commentary of Paramadlswara. In 1879 Rodet‘

gave a_French. translation .of :the. Ganita-pada, the mathematical
portion of the tex;, with very valuable and.interesting notes.- Thibaut,

in 3899, gave a.summaryof the literature about Aryabhata. Another

_- l:ranslatlon of Aryabhata’s work: with critical :notes :was published in
1930, by - Walter Eugene . Clark of Harvard Umversuy.’r All this
' attent:on was.well-deserved as he was a pwneer in several respects |

He Was an innovator in astronomy and pald dearly for it at the
hands. of Brahmagupta, who heaped unreasonable abusés on hlm. ; He
was also the firstin Indm to hint the daﬂy rotation of the earth on 1ts axls

In l:us Work agatn, we find" for the ﬁrst and the Iast time a new

g alpha?betxc notanon adopting: both the” consonants and vowels to represent

s A reference to this is given in L’ Intefmedwre-des -mathematicians,

July and August, 1919, -
-+ Vide :The Aryabhatiyam of Aryabkrrta by Walter Eugene Clark- (1930]

The Unversny of Chicago, Illinois, : ' f



e; intrinsic’ _the oonsonant In other wprds, the""

gestive . fl-g,theﬂv »value ~and; thp consonants - of -
rins ;value in this scheme. of notation. To- -proceed . from this
»the,, place-talue stagg' rt reqmred only to drop the ﬂvowels and :

oul : _ _ But it took many long
ent "_ﬂ,"_"'_' to xecogmse that the: rzero was alsoa numeral on a par- with
other numerals, and:that a separate. symbol ‘was necessary-to denote it.
It was only m the eleventh century, after the decimal notation with ‘its
plaoe-va.lue and zero had - become definitely established that another

: gemns g.rpse to. re-adopt the alpha.bet to the new notation. - In this

. ( ,_ldn lt must be observed that the ,a.lphabetnc notat1on in Indla was
felt more or less as a necesmty owmg' to the exlgenmes of condensed

1«.*‘-

_metnoa.l‘ ﬁomposmon ‘and" therefore there is a grea.ter hkehhood of

: us bemg' mdlgenoﬁs to Indla than a loan from Greece or elsewhere. o

ik

i3k Aryabhata's notatlon was never popular in India. Even hls admirer
‘ Lallaahandoned it in favour. of the ‘more popular and the more ancient
1"ﬁffloirals “These could more ‘easily’ be remembered. and could
j'_secure better ‘metrical euphony. : The first glimpses of ‘them are found
“inthe Vedb.nga.-]yotlsha. “The ‘anonymous author of ' Surya-siddhanta
(nothter than 5th century A.D.);"and Varahamihira freely use these
numeral words. But Brahmagupta of the 6th century A.D, was the
' ﬁrst to expl:crtly enunc1ate tlus system m the followmg words gy

-

2 = ..‘:eryon Want to Wnte one, express it by everythmg whlch ‘is-unique
as the -earth, the moon ; two by everything" which is; double, as for
example bla.c‘k ‘and white ; three by everythmg whlch is threefold ; the
noug'ht by heaven, the twelve by the names of the Sun.”

= PPyt £ ST

Does not thxs brxng us very. near the modern deﬁnltnon of number,
for. accordmg io Bertrand Russell. a number is any collection:which is
.thenumber of - one of :its members, or ‘mare:: sxmply still,: a:number :s
';a.nythmgwhzch is the number of some class’?- . . - 0 .2 ioi e
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side W e;@épular,« word-hungeratlon thm {mtjh
11 1( on, used generally in mscnptlons, agd

R qﬂﬁ?

geihe J_f_' "roducefgthe modern sys‘tem of o

*“ 4 problems"Brahmagupta remarks oS Theee,questlons
P stétb;"% dotdly for p]e sure. “The proﬁcwnt may . deylse aht_l;;:ousandl
" others or maj xﬁve “the problems of others by the rules given here.

the stars ate ubscured by the sun, so does the expert ecllpse the glory
-~ of other astronomers m an assembly of people by proposing a.lfehrmc
| problems and st:ll more by their solation,” - The’ later miathematical
= wérks- coﬂtam many puzzle problems mainly based: on-- mdetermmate
b analys:s. . To quote one instance, Bhaskara cites the fellovnng as-due to
earher authors: % ‘ : i
“Three traders’ wrth 8, 8 and 100 panas as capxtal respectlvely
| havmg' bought‘fruxts ata uniform rate, 'sold a part in “lots and d:sposed
of the remamder ht one for ts) panas and thus - became equali'ﬁ ‘nch.
'_ What were the purchase and the sa.le-prlces ' A ;
The mle for sqlvmg snch problems is enunmated by V:shqugupta,
Mahavnracharya and others thus $ _
_ The requlred sale-prlce is any. numbeg greater than the greatest
of the glven capttals, while the purchase-pnce 15 less than the Kprodnct

of the two sale-pnces by umty. :

= r

.....

z;.nd Blasms discussed by Glalshen are perhaps the Eumpean recensions
of the above Indlan problem g S T . e By

i F

- We give below a list of the important mathematical t0p1cs on
'whtch there are contributions from the ancient and the medieval Hmdus :

(1) Surds, square-root of binomial and ‘polynomial quadratlc
e B surds Involutlon and Evolutlon.

‘8 For a detmled expos1tzon ef the growth of the so-called Hmdu.Anbiq
numerals vide an article under that name ‘by the present writer in the Quarterly
Joumal of the Mytksc Socwty. Vol, XVIII, No. 4, Vol, XIX, Nos,1and 2. = °

E § Jom'. Ind. Math. Soc.. Aug. 1914 : A Classtcal Ind'an Puzzle P;-oblem,

-3 Messenger of Mathemams, ’Vol LIII No, 2.
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.;az:er‘ldeqhhee. _:Solutm,nemf egudtwns by means of :dentlt:ee. 3
:.., ¥ 3’; »‘t Eulel’ S Identlty i e : "J-:n-g— —'T & .

=

;'a-;'l;eg (1 ¥ a)l-l- + a, (l + a;) ue (1 + a,_l) = II (1+ a;)

sild '“fm“tétmnsandgombmatwns. '.‘ f GG VT
:-4—~(5) Indetermlnate equations. of the first- and he secpnd degr ’

(6) Nmnencal approximations - for Vn and T Approxxmatnons
. for a side of a regular, polygon mscnbed in_ a circle... -
(7) Interpelatxon formulae, especially in connection with the sine-_
i table' ; ' ¥ F ¥ -‘.'!"._‘,': g Gl
(8)_ Propertxes of tnangl,es qua.drllaterals, cxrcles, s A

Yam i

(9) Mensuratlon of the Sphere. the cone. and the pyramxd

(10) }_iule of. three terms (dxrect and- mverse) rule of five, seven,'
nine and eleven terms; Cham-rule' Interest problems,
" ‘Barter, Mlxture Motion ; problems and relative velomty.
(ll) Rule of Inverse operations (oquaﬁm) ot e
(12] Values of 7r and the sine-table. Tngonometncal 1dent1t1es.'
o oo Fundamental formulz’e in spherical tngonometry. '

“*{13) * “The prmcnple of iteration (e:{ama) - successive
v WA approxlmatlons in solving some transcendental equattons
¢+ in-astronomy. There is some analogy between thxs and
<t - Horner's method. -
(14) T he sun-dial and shadow problems. Ecllpse problems based
a5 1A .on a property of the circle. - Fats

.

S (15) Magrcsquares. ' LAy Bl S e .
5. (16); AStropomy.- o v il Lt e e @l {6

# Methods of construction of magic squares appear to have been known in
(ndia even before the Christian era. A casnal reference to this.subject is given in -
Ganesa's gIoss of Bhaskara's Lilavati, which is as late as 1520 A.D, Bhadra-
zanita (mathematzcs of charms) or the construction of magic: squares. appears to
have. found a regular ‘place in the Arithmetical treatises of Narayana and others ’
Ihe Jhansi magic square is weil-known (Joar,-Ind Matk Soc., Feb 1918 )

L]




. Anciént Hindu Mathemarics. - _ T
| AL R e G S S
Hmdu Contnbutums to I ndetermma!e Aﬂalyus. : ¥
Among the gpptnbptlons of the Ancient: ‘Hindus to=b|qher mathe-

matlcs, then;,work.on—lndetermmate. Analys:s is the most outstandmg.
:-’ _
; Aryabbata was the ﬁrst to md1cate a method of gettmg mtegral
; solutlons for the mdetermmate equatlon of the first degree in the form,
“me + a= ny +'b ;

‘& : B s .
i i 4 .

(m, n, a, bbemg mtegers‘ Aryabhata proceeds by successxve reductlons
to simpler equahons. until oné is reached’ whose soluhon may be im-
mediately guessed.t” This'is the true s_1gn|ﬁc:ance of the mati in Arya- _
bhata’s text:and has been misunderstood by almost all'the commentators, -
ancient and modern. Evidently they are confused between the logical
and the psychological orders of evolution of mathematical ideas.
Certainly the germ of the continued fraction was there in Aryabhata’s
method but was not clearly recognised by him Tt is' a consolation to
find that Bramagupta, who is no friend of Aryabhata, has thoroughly
understood. his advérsary's rule and given a clearer expositibn of the
same. The later writers, Bhaskara and others, followed with improve-
ments, alterations and extensions. ~This is, of course, to be expected.
Viewed in this light, the evolution of lin:ar indeterminate anaIySIS
from Aryabhata to Bhaskara and the later Aryabhata is quite natural,

x 'i

Regardmg -indeterminate’ equatxons of the second degree of the
type, 2 -—-Ny =31 (N bemg a non-square mteger) Brahmagupta

* To nllustrate Take the equatlon 29x+15 = 45y +19, ie,x=9p +——— 16-"’2;' 4

; 139, —4 -
= y+y,_‘ (say: sothat y = 9+ - yl'a_u . Thisis the second ?ndeterminate equation,
, 4

: 13
Af this stage, we notice that y ;™3 obviously is a solution, and ‘3’ is Aryabhata’s

." This is the third equation,

3
Next set 13y, — 4 = 16y ,sothaty, =p + =

mati.

Hence, we. proceed to find the values of y,, , and x in order by the ' rule of
inverse operations'’ set down in all Indian mathematical works and also:in the
Aryabhatiyam in particular. The successive steps of the reverse process are
indicated by Aryabhata's rule, which, in the hands of later writers, is termed *
Vall:ka Kuttakara.

5 Vide pp. 18—21, Quarterly Journal of the Mythic Society, Jan., 1926,



1. A, ;AT&SRHGSWGTR}] Aayyangar.:

TR e R
3 : 2 s 15'“."
1 _00, Ofﬂ.z +q =y,thenz—bc:bady=bad=aao A

of a.n:’ + pq g :
’-‘t'.:‘.,: ¥
bsz ol he lo, 1ng Spec:lal 1dent|t1es are derived by Brahmagnpta from £ 7%
the above pnnc:ﬁle. : R AT
"‘“ :{:_ If z = 'p, y = q isa solut:on in integers of Dy? + 4 = 27, then z
tes e nl o C plpt- —-3) - gl —1)° R
B 2l 3 i T e e

Dy
s

isas;oltit'ibnhin intégérs of Dy +1=2 o 1 i
s Agam, xf @ = p, y = q isa solution in integers of Dy? — 4 = &°, then

2
Thee (Pa+2){(p +3)2(p + l)} give P (p? +12)(p + 3)
,s i

v-xsanmtegral solution of Dy*® + 1 =.2%

: HIS actual words are worth quoting, especially as they show how
~ words may be abbreviated so as to possess the power of symbols in
a mathematmal presentatmn - . §

‘H@Ilﬁ'm"SFEI‘IE?IEf qarq“&sar«ama:gmrazqq |
R (- 'fracwnagaimmaaimaq I
HQF\HS"EWE{?E!I SFFATIES THENF |

A FIZTIEAR] RFIYTAFAITAIZ |

_‘ About 1150 A.D. Bhaskara surprises us by his br1lllant Chakmvala :
or. the cyclic method, which is outlined below.

Let the roots of the Cquatl{)ﬂ . . :
Ny* +.k = . ! Al

be z = a, y = b (N being a positive non-square integer). Solve the

br + a

linear indeterminate equation - = yin integers, and choose a value

* In this remarkable prmmple Brahmagupta has anticipated Euler (1707—1783)
by a thousand years. (Vide ‘ Diophantus of Alexandria’by SirT.T. « Heath, p. 29Q)



Anczent Hindu Mathematzcs. ii

' 5.

: Zfor a: so that ll’ —:- N | may be the least po.-,ssble. Then, the corres-

f-_':;.i;..-_‘:pondmg va.lue for y is bl:— s whichis the mtegral value for y ‘in the

new equatton

i .' '{' A R 22
3
. Ny i

#the correspondmg mtegral value for z belng (al + Nb)/ k.

Just as we derived (2) from u) we may derive a.nother equation
from (2) with known roots and so on, until ths additive ultimately.
reducss to #4, #2, or £1. Incass ths additives are =4, =2, 0r —1,
the roots of the equation with unity as the additive can be obtained by
the pnncnple of composition.

The true nature and importancz of the Chakravala has not been
realised even by the eminent orientalist, Colebrooke. Relying on him,
probably, H. J. S. Smith misses the essential point in the cyclic method
and remarks that Bhaskara and Bra.hma.gnpta mxsunderstond the nature

of the problem.*

I have shownt that Bhaskara’s method is more in Jine with Gauss’
solution based on the theory of quadratic forms than Lagrange’s, that
it leads to a new set of reduced forms which [ call Bhaskara forms,
and has the advantage of reducing the number of recurring elements
' and thus shortening computation

Remarkably enough, ons of Bhaskara’s worked examples, viz.,
6ly* + 1 = 2° happ:ns to bs onz of those proposed by Fermat in
his letter to Frenicle in February 16357. ‘

Indeed the cyclic method deserves Hankel's unstinted praise that
it is certainly the finest thing achieved in the Theory of Numbers before
Lagrange. \Well might Colebrooke remark: ‘ Had an earlier translation
of Hindu mathematical treatises been made and given to the public,

* Collected Papers, Vol. I, Pp- 192—200.

#* New Light on Bhaskara’s Chalravala etc.” by the present writer in
J- 1.0 S., Vol. XVIII (1930).

I A Bhaskara form is a quadratic form (& B, C) of positive determmant N,

such that
A%+ C2/4 N, and C3 + A%/4 < N,



1 , hav- rea ched its. perfecuon long 'before the 'da.ys cf
: ,and ‘Newton’* and, Infay add, Euler an’d' ge :

1h % a. better start m their work on continued fractlons. .
55,, (1 -2" i?
In- deference to Brahmagupta, the so-called Pellian. Equatlon

z’ -—Ng’ = 1 ought to be called the Brahmagupta equation.

.,.—;‘_, %

a

: Jngpassmg, 1 may mentlon that a curious httle problem on the
mdetetmlnate equatlons : :

z + a = 4% ¢ —b = 32

persustsm several Indian mathematical works and appears to have gone
to Europe and thence to the New World in 1556. It occurs in the
American work ‘Sumario Compendioso’ of one Juan Diez* in the

form
* Give me a number which increased by fifteen is a square number

. and décreased b]; four is also a square number.'

s | may conr*lude this topic by giving a sample of an apparently
: complex 'f)i'oblem in mdetermmate equatlons solved by Bha.skara- 5

T ell.me qulckly, ma.thematman, two numbers such that the cube-
oot _of half the.sum of their product and the smaller number, and the
square root of the sum of their squares and those ‘square-roots) extracted
" from the sum and difference increased by iwo, aud ‘that extracted from
the difference of their squares added to eight, bemg all five added
together may yield a square-root—excepting however 6 aad 8.”

Contributions to Trigonometry.

Trigonometry, in its initial stages, developed as a handmaid to
Astronomy in the hands of the ancient Hindus and Greeks, and this
explains the rather startling fact that Spherical Trigonometry was
deVelop=d earlier than Plane Trigonometry. The familiar bow and
arrow must have suggested :to the speculative Indian mind their
The semi-chord and the arrow gave rise to

mathematical analogues.
It is interesting to note that the_

the sine and the versed-sine functions.

—

* Smith's Histary of Mathematics, Vol. I, pp. 355, 356.
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-‘--'sem'i-chord is.an entirely Indian idea, for, even Claudius Ptolemaeus,

'-.;.'-the smost -important figure in the history of Greek Astropomy, gave

i ormulﬁe only for the full chords. _While the Greeks divided the

: a.dm sexag;:sxmally, the Hmdus dmded the clrcumference of a cu'cle

: - Th{e'eﬁrlj' Hindus readily recoghiséd the approximation sin 9 =0
- for small a}ig:lés: They established the fundamental formulae corres-
‘ponding to sina + cos® @ = 1, 4sin? a/2 = sin® @ + vers? a,
versa = 8 sin® @/2 and computed relations between the half-chords
‘and their arcs. They managed all their astronomical formulae very
‘ingeniously with the help of the three trigonometrical functions :
-the .sine 5994 the versed-sine (SFHAIM) and the cosine (’ﬁl%iqr).
The fundamental formulae of spherical trigonometry corresponding to

sine _ sinb _ sinc,
sinA sinB sinC’

cos A sin¢ = cosa sinb—sina cosb cosC;
cosc =cosa cosb + sinasinb cosC

i

were 'q.lsb deduced most simply«from the properties of right-angled
triangles and the principle of similarity.

' 1t is remarkable that almost every important Hindu astronomical
~work from the Suryas'zddhanta to the Siddhanta Siromani gives an
' lnterpolatlon (or extrapolation) formula for the tabulation of successive
. sines. In the Aryabhatiyam and the Suryasiddhania, we find the

extrapolation formula :}

sin(n + 1) a —sinna = sinna — sin i — )a— 5—12%'519’ (approx.)

where n is an integer < 24 and a = 33°

* It is necessary to note that the Hindu sine is a length and not a ratio like the
. modern sine; it is expressed, however, in terms of the arc. The early Hindus
“used the arc in place of the angle, attributing to it all the properties of the angle.

+ The modern ‘sine’ is derived from the Sanskrit * S{[ " or *S[F.’ " The

Arabsadapted Sanskrit ¢ S{[§ ’ into their Arabic * dschiba® which they naturalised
as * dschaib ' meaning ‘ bosom.’ Later this was translated by Plato of Trwoh into
"*Sinus ' whence the modern ‘sine.’

1 ' The Hindlu Sine-Table’ by the present writer in J.-I.M S., Vol. XV, Dec,
1923. :
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2 }Itls worthy of note tha.t the terms on the rlght hand 51de df the
iibove approxlmataon correspond - to ‘the first three terms in the wellt
Imown general mterpolatwn formula due to Ne.wton.’r

45

: o 250 -. Hi ndu Astronomy.
"= YWe sha.ll now take a rapid glance at Hindu asttonomy—the science
to wl:uch all the rest of mathematlcs was rega.rded as rnerely auxiliary,

In the most ancient Vedic hymns, we. have evidences of descrip-

'tion -of - the well—known astronomical phenomena, the motions of
 the Sun and the Moon, the seasons, the number of days in a year, the
two ayanas, Devayana and Pitriyana, the intercalary month Rita or the
zodiacal belt which is the eternal track of the luminaries and the bright

- planets qmra and . §4. The ancient scriptures contain references
" (though in legendary garb) to the zodiacal shifts{ of the year beginning
at the vernal equinox. There are sufficient data in them for postulating

* the phenomenon of precession of the equinoxes and determining its rate.
So it is no wonder that the Siddhantas give such accurate rates as 54"
in the Surya-siddhanta and 59°.9007 in Bhaskara’s work where the
‘author quotes his result from Mun]ala. The European critics, who
haveapoor oplmon of the ancient Hindu obServatlonS consider this

-

= *Brahmagupta on Interpolation’ by P. C. Sengupta in the Bulletin of the
. Calcutta Mathematical Society, Vol. XXIII, No. 3, 1931
T I discussed the relation betwen this formula and Newton's corresponding
Indian onein a paper submttted to the 12th Indian Science Congress, Benares, 1925.
Vide Abstracts, p. 74. .
Also Ball; Sﬁwrical Astronomy, p. 18, where a quadrat:c mterpola.uon
formula is gwen from which Bhaskara’s result may be readily deduced.

: 'lea.k"s schola.rly work ° Orum may be consulted in this connection.
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'_j_'-"a lucky hit*, for: the Greeks in’ Bplte of,-thexr (suppoéé'ﬂ) é'ystenfatxc,,

observatlom and thelr marvellous inductive and deductive, methods v?,ep.‘e 4
L content with a very poor precessnonal rate of 36 whlqh they probabli?
:got jrom the Babylomans It has now been” dnscpvered that, .the

T S ¥ _
f-,: «_;-'precessxon of the equmoxes was known to the Babyloman astrouomfr‘
Kidmnu Iong before the tlme of Hlpparchus :

: From the Vedas, we pass on to the Siddhantas.‘ " At one time there
appear to.have been as many as twentyf, viz., Brahma, Surya, Soma,
A Brihaspatz: Gargz, Narada, P&msam, Poulastya, Vasishta, Vyasa,

. Atr: Kasyapa, Marichi, Manu, Angirasa, Lomasha Pulisha, Yavana,
Bhngu, and’ Chyavana These were per.haps the earliest - efforts’
“(barring Vedangajyotisha) at crystallising the extant astronomical
knowledge in as scientific a form as possible, about 2000 years ago. Of.
these the ‘Brahma and the Surya siddhantas are the most popular and
- have beenrevised by various siddhantic writers, starting from Aryabhata.

o - ; . . + &

: "T.h;.Siddhantas mention the number of revolutions of the sun, moon,
and pl:a;_::’ta_ts and their nodes for a Mahayﬁga (432 X 10* years) or
a Ké.lpa A(432 X 107 years) These huge numbers entering into
Hmdu calcuht:ons were necessary for accurate computation even as the

_ seven- ﬁgure tables (in other words fractions with denominator 157) are,
used in modern calculauons . The Siddhantic assumptlon regardmg the
motisns of the planets is that all of them travel the same number of
YOJa.nas in their mean circul; 1 orbxts during a Kalpa, and this
constant is descrlbed as Khakaksha (@FET) the circumference of the
sphere to Whlch solar rays extend. According to Bhaskara this con-
stant xs 187 190 692 X 108 while according to Suryas:ddhanta. it
' is 18, 712 030 864 10"’ The inferences from _this hypotheqs
JuSt correSpond to the ﬁndmgs of Newtoman astronomy, if we

A

* The Hindus have apparently made several such lucky hits in many .other
" branches of ma.themancs as pointed out in the course of this papcr.

T Vide p. 274, Appendix to the ‘I‘rans!atton of the Suryaszddhani& by the
Rev, E. Burgess {1860). - . ; gt



= .,;,*s";e'traCked as they were t;y the wrong geocentnc scent. ther-
“ancient Hmdus like the Greeks recoucxle{! the apparent dsscrepaumes in .

tﬁeplanetary motlons by the contrxvance of eplcycles (a?iﬁ%%)"‘:éi -
eccentncs (m and’ iﬁm) and n elaborate calculus of approx;. 2
matlons. ‘One remarkable point abi:t these contrivances is that they
also lead though by circuitous - route more or less to the same results -
' as modern methods to a first degree of approxlmatlon.. Possibly they
may be made to y:e]d more refined results. The Indian _physical
explanatlon of the mequahttes in the planetary motion may raise .a
s:mle among the moderns, but taken figuratively it merely means that
-there are certain centres of perturbation in the orbit which produce
vana.tlous' in velocity, Tndian astronomers were fairly -qoi'rect in their
calculatfuns of the moon's distance from the earth but erred in the
dlstances of 1he sun and the planets as the latter were calculated from
tae hypothesis of constant velomty ‘

The other points of interest in Irdian astrouomy.are the calculation
of the moments of eclipses of the sun and the moon based on correct
theox_'y, the calculation cf the Jength 'of the day by means of observa-
tions of the sun-dial, heliacal risings and settings, planetatry conjunc-
tions,-parallax of the sun and the mcon, the phases of the mqon, the
co-ordinates of-certain well-known stars, etc. 1y

Just as-i'n the modern text-books of astronomy, in every siddhantic
work there is a chapter on the description of instruments. But the
descnpt!on generally is t0 meagre and often abstruse that many western

ntxcs are tempted to believe that the instruments merely served to
ﬂlustrate to the student the theory undcrlying astronomical calcula.uons
The fact is that the explapaticns are purposely made scanty. The
knowledge of the instruments was regarded as a privilege to be trans-
mitted orally by the Guru with special care to the select few of his.
faithful . disciples. 71his knowledge is given the exalted name of

J yotisho;banishad .



. There is enough evidence in the texts of the great Sidﬁhaﬁ&-writetﬁ'
to show that they actually verified the astrocomical - elements.: by
) personal observat:on of the heavenly bodies before incorporating them in
them,texls. Aryabbata explams bneﬂy how he determined the mean
: "motmns of the pla.nets by observmg the intervals betweeu their successwé
comunctlcns wuh one anotber as well as with any partlcular star.
- Bhaskara. expressly mentions that the instruments are meant for aclual
ot‘)servatl_op,'gt,:_d .sh;ev?dly remarks that more than instruments the mind

behind them is valuable : §13% qRANYH 377 |

Of the Hindu astronomers after Bhaskara, the following deserve
notice : g ' # s .

(1) Mahendra Suri (5. 1320 A.D.) was the author of Yantraraja,
a translation of a Persian work; mainly devoted to the construction,
fitting and examination of instruments. - The obliquity of the ecliptic is
here given to be 93°85' and the rate of precession 45” a-year. The

work contains the latitudes and longitudes of 32 stars, and tables of sines

and cosines for every .degree.

(2) Gnanaraja (1503 A.D.) was the author of Siddhanta Sun-
dara.

(3) Ganesa, a contemporary of Gnanaraja, was the author of
numerous original astronomical works and commentaries. His Grahala-

‘ghava, supposed to be written in his thirteenth year, is a famous and

popular book.

. .‘(4) _Muniswar_é:(b.' 1603 A.D.) was a great scholar and a proli'ﬁc
‘writer on Astronomy and Astrology. His important work was
-Siqftthnta Sarva Bhaq:mcf. He was an astrologer in the court of the

Moghul Emperor Shah Jehan.

(5) Kamalakara (b. 1616 A.D.) was a contempor.ry and-rival of
Muniswara. He is well-known through the work, Siddhanta tatva
viveka, based on the doctrines of Surya-siddhanta. He appears to be
a good mathematical scholar versed also in Arabic works on Mathe-

3
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f'mntalns also numerous c:tat:ons from Ulugh Beg s work as well as :
~from Jayasxmha s ongma.l contributions, In addition it contams
dmnpttons_of various astronomical instruments set up by Jayas:mhz_a. in
the observatories at Benares and Ujjain. Jagannatha'’s Rekhaganita, .
edited by Trivedi, is very well-known. Itis the translation of Euclid’s
' éleménts from Arabic into Sanskrit. Jagannatha’s scholarship attracted
the attention of the Emperor Aurangzeb, who appointed him chief pandit
~in his court. '

No n‘otablé contributions appear to have besn made to Hindu
astro:.lomy' after the time of Bhaskara.. Native astronomers had
probably reached the highest level possiblein the twelfth century with the: ;
amount of mathematical equipment of that age, for any further advance
‘depended on advances in the auxiliary sciences of Mathematics, Optics,

and Dynamics.

With the -Muhammadan conquest of India, which began in the
last quarter of the twelfth century, commenced the decay of Indian initia-
tive in the positive sciences, and the little originality that was left after
the fall of the Moghuls, was stifled by contact with Western cmhzatlon.
Thus India has been passing through a gloom for the last six centunes,

from whlg:h she is just recovering and attempting to make a new
-synthesis of her ancient civilization with the achievements of modern

culture. -
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